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PRIMITIVE IDEALS, NON-RESTRICTED REPRESENTATIONS
AND FINITE W -ALGEBRAS
ALEXANDER PREMET
Abstract. LetG be a simple algebraic group over C and g = LieG. Let (e, h, f) be
an sl2-triple in g and ( · , · ) the G-invariant bilinear form on g such that (e, f) = 1.
Let χ ∈ g∗ be such that χ(x) = (e, x) for all x ∈ g and let Hχ denote the enveloping
algebra of the Slodowy slice e+Ker ad f . Let I be a primitive ideal of the universal
enveloping algebra U(g) whose associated variety is the closure of the coadjoint orbit
Oχ. We prove in this note that if I has rational infinitesimal character, then there
is a finite dimensional irreducible Hχ-module V such that I = AnnU(g)
(
Qχ⊗Hχ V
)
,
where Qχ is the generalised Gelfand–Graev g-module associated with the triple
(e, h, f). In conjunction with well-known results of Barbasch and Vogan this implies
that all finite W -algebras possess finite dimensional irreducible representations.
1. Introduction
1.1. Let G be a simple, simply connected algebraic group over C. Let g = Lie(G)
and let (e, h, f) be an sl2-triple in g. Let ( · , · ) be the G-invariant bilinear form on g
with (e, f) = 1 and define χ = χe ∈ g
∗ by setting χ(x) = (e, x) for all x ∈ g. Denote
by Oχ the coadjoint G-orbit of χ.
Let Se = e+Ker ad f be the Slodowy slice at e through the adjoint orbit of e and
let Hχ be the enveloping algebra of Se; see [18, 11, 6]. Recall that Hχ = Endg (Qχ)
op
where Qχ is the generalised Gelfand–Graev module for U(g) associated with the triple
(e, h, f). The g-module Qχ is induced from a one-dimensional module Cχ over of a
nilpotent subalgebra m of g such that dimm = 1
2
dimOχ. The subalgebra m is (adh)-
stable, all weights of ad h on m are negative, and χ vanishes on [m,m]. The action of
m on Cχ = C1χ is given by x(1χ) = χ(x)1χ for all x ∈ m; see [18, 11, 6, 20] for more
detail.
Denote by zχ the stabiliser of χ in g (it coincides with the centraliser ge of e in g).
By the sl2-theory, all weights of adh on zχ are nonnegative integers. Let x1, . . . , xr
be a basis of zχ such that [h, xi] = nixi for some ni ∈ Z+. By [18], to each basis
vector xi one can attach an element Θxi ∈ Hχ in such a way that the monomials
Θi1x1Θ
i2
x2
· · ·Θirxr with (i1, i2, . . . , ir) ∈ Z
r
+ form a basis of Hχ over C. The monomial
Θa1x1Θ
a2
x2 · · ·Θ
ar
xr is said to have Kazhdan degree
∑r
i=1 ai(ni + 2). For k ≥ 0, we denote
by Hkχ the C-span of all monomials as above of Kazhdan degree ≤ k. By [18, 4.6], we
have H iχ ·H
j
χ ⊆ H
i+j
χ for all i, j ∈ Z+. Thus {H
k
χ | k ∈ Z+} is an increasing filtration
of the algebra Hχ. The corresponding graded algebra grHχ is a polynomial algebra in
grΘx1 , grΘx2, . . . , grΘxr , and it identifies naturally with the coordinate algebra C[Se]
endowed with its Slodowy grading. The Poisson bracket on C[Se] ∼= grHχ induced
by multiplication in Hχ is determined by Gan–Ginzburg in [11].
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According to recent results of D’Andrea–De Concini–De Sole–Heluany–Kac [7] and
De Sole–Kac [8], the algebra Hχ is isomorphic to the Zhu algebra of the vertex W -
algebra associated with g and e. The latter algebra is, in turn, isomorphic to the finite
W -algebraW fin(g, e) obtained from the Poisson algebra grHχ by BRST quantisation;
see [8] for detail. Thus, Hχ ∼= W
fin(g, e) as predicted in [18, 1.10].
1.2. Let Cχ denote the category of all g-modules on which x − χ(x) acts locally
nilpotently for every x ∈ m. Given a g-module M we set
Wh(M) := {m ∈M | x.m = χ(x)m ∀ x ∈ m}.
The algebra Hχ acts on Wh(M) via a canonical isomorphism Hχ ∼=
(
U(g)/Nχ
)adm
where Nχ denotes the left ideal of the universal enveloping U(g) generated by all
x − χ(x) with x ∈ m. By Skryabin’s theorem [21], the functors V  Qχ ⊗Hχ V
and M  Wh(M) are mutually inverse equivalences between the category of all
Hχ-modules and the category Cχ; see also [11, Theorem 6.1]. Skryabin’s equivalence
implies that for any irreducible Hχ-module V the annihilator AnnU(g)(Qχ⊗Hχ V ) is a
primitive ideal of U(g). By the Irreducibility Theorem, the associated variety VA(I)
of any primitive ideal I of U(g) is the closure of a nilpotent orbit in g∗; see [12] and
references therein.
Given a finitely generated U(g)-module M we denote by Dim(M) the Gelfand–
Kirillov dimension of M . By [20, Theorem 3.1], for any irreducible Hχ-module V the
associated variety of AnnU(g)(Qχ ⊗Hχ V ) contains Oχ, and if dim V <∞, then
VA
(
AnnU(g)(Qχ ⊗Hχ V )
)
= Oχ and Dim(Qχ ⊗Hχ V ) =
1
2
dimOχ.
In particular, if the Hχ-module V is finite dimensional, then the simple U(g)-module
Qχ ⊗Hχ V is holonomic. It was conjectured in [20, 3.4] that for any primitive ideal I
of U(g) with VA(I) = Oχ there exists a finite dimensional irreducible Hχ-module V
such that I = AnnU(g)(Qχ ⊗Hχ V ). In [20, 5.6], this conjecture was proved under the
assumption that e belongs to the minimal nilpotent orbit of g.
Let h be a Cartan subalgebra of g, and Φ the root system of g relative to h. Let
Π = {α1, . . . , αℓ} be a basis of simple roots in Φ with the elements in Π numbered as
in [5], and Φ+ the positive system of Φ relative to Π. Let ρ = 1
2
∑
α∈Φ+ α and letW be
the Weyl group of Φ. Given λ ∈ h∗ we let L(λ) denote the irreducible g-module with
highest weight λ. As usual, Z(g) denotes the centre of U(g). Standard properties
of the Harish-Chandra homomorphism ϕ : Z(g) → S(h) ensure that the equality
Z(g) ∩ AnnU(g) L(λ
′) = Z(g) ∩ AnnU(g) L(λ) holds if and only if λ
′ + ρ = w(λ + ρ)
for some w ∈ W .
By Duflo’s theorem [9, Theorem 1], for any primitive ideal I of U(g) there exists
an irreducible highest weight module L(µ) such that I = AnnU(g) L(µ). Generically,
the number of such µ ∈ h∗ equals the order of W , but there are instances when µ is
uniquely determined by I; this happens, for example, when I has finite codimension in
U(g). Note that Z(g)∩I is a maximal ideal of Z(g) and z(µ) = 0 for all z ∈ ϕ(Z(g)∩I).
We say that I has rational infinitesimal character if 〈µ, α∨〉 ∈ Q for all α ∈ Φ (our
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earlier remarks show that this is independent of the choice of µ). Our main goal in
this note is to prove the following1:
Theorem 1.1. If I is a primitive ideal of U(g) with rational infinitesimal character
and with VA(I) = Oχ, then I = AnnU(g)(Qχ ⊗Hχ V ) for some finite dimensional
irreducible Hχ-module V .
1.3. To prove Theorem 1.1 we work with a suitable localisation A = S−1Z of the ring
of integers and consider natural A-forms gA and LA(µ) of g and L(µ), respectively.
We have to choose A very carefully; see Sect. 2. After making our selection we pick
(p) ∈ SpecA and consider the highest weight module Lp(µ) := LA(µ)⊗A k over the
restricted Lie algebra gk = gA ⊗A k, where k is the algebraic closure of Fp.
Let Gk be the simply connected algebraic k-group with Lie(Gk) = gk. If p ≫ 0,
then ( · , · ) induces a nondegenerate Gk-invariant symmetric form on gk and there is
a natural bijection between the nilpotent G-orbits in g and the nilpotent Gk-orbits
in gk. Let Zp = 〈x
p − x[p] | x ∈ gk〉, the p-centre of the universal enveloping algebra
U(gk). Given η ∈ g
∗
k we denote by kη = k1η the 1-dimensional Zp-module such that
(xp − x[p])(1η) = η(x)
p1η for all x ∈ gk, and we set Uη(gk) := U(gk) ⊗Zp kη and
Lηp(µ) := Lp(µ) ⊗Zp kη. The associative algebra Uη(gk) is often referred to as the
reduced enveloping algebra of gk corresponding to η.
We show in (3.3) that for all p ≫ 0 the Uη(gk)-module L
η
p(µ) has dimension ≤
Dpd(e), where D = D(µ) is independent of p and d(e) = 1
2
dimO(χ). Let Ok be
the nilpotent Gk-orbit in gk corresponding to the G-orbit containing e. We prove
in (3.5) that there is a linear function χ¯ = (e¯, · ) on gk with e¯ ∈ Ok such that the
Uχ¯(gk)-module L
χ¯
p (µ) is nonzero. Here (and only here) we use our assumption that
the infinitesimal character of I is rational. Combining the Kac–Weisfeiler conjecture
proved in [17] with the above results, we show in (3.6) that the algebra Uχ¯(gk) has a
simple module of dimension kpd(e) for some k ≤ D = D(µ). On the other hand, it is
established in [18] that Uχ¯(gk) ∼= Matpd(e)
(
H
[p]
χ¯
)
, where H
[p]
χ¯ is a ‘restricted’ modular
version of the finite W -algebra Hχ ∼= W
fin(g, e). We thus deduce that for p ≫ 0 the
algebra H
[p]
χ¯ has a simple module of dimension k ≤ D = D(µ).
The algebra Hχ relates to H
[p]
χ¯ in the same way as U(g) relates to the restricted
enveloping algebra U [p](gk); in fact, when χ = 0 we have that Hχ = U(g) and H
[p]
χ =
U [p](gk). We use a PBW basis of Hχ similar to the one described in (1.1) to find a
suitable A-form Hχ,A in Hχ and show in (4.5) that H
[p]
χ¯ is a homomorphic image of
the k-algebra Hχ, k := Hχ,A ⊗A k. Next we introduce certain affine varieties Yk of
matrix representations of Hχ and use reduction modulo p together with some results
mentioned above to prove that Yl(C) 6= ∅ for some l ≤ D; see (4.6). The definition of
Yl then implies that Hχ possesses an irreducible finite dimensional module V with the
property that I ⊆ AnnU(g)(Qχ⊗Hχ V ). Since the primitive ideals AnnU(g)(Qχ⊗Hχ V )
and I have the same associated variety, a well-known result of Borho–Kraft [3] yields
I = AnnU(g)(Qχ ⊗Hχ V ). Theorem 1.1 follows.
Corollary 1.1. All finite W -algebras W fin(g, e) possess finite dimensional irreducible
representations.
1Recently I proved Theorem 1.1 for all primitive ideals I with VA(I) = Oχ thereby confirming
[20, Conjecture 3.2] in full generality. This result will appear elsewhere.
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To deduce this corollary from Theorem 1.1 we rely in a crucial way on well-known
results of Barbasch–Vogan [1, 2]. It would be interesting to find an alternative proof.
Corollary 1.2. If p≫ 0, then for every linear function η on gk the reduced enveloping
algebra Uη(gk) has a simple module of dimension lp
(dimGk· η)/2 where l < p.
For p large, Corollary 1.2 provides a good upper bound for the minimal dimension of
irreducible Uη(gk)-modules and is the first result of its kind in the literature. It can
be regarded as a first step towards verifying one of the main conjectures in the field
which states, under mild assumptions on p, that the minimal dimension of irreducible
Uη(gk)-modules always equals p
(dimGk· η)/2.
The general case of Corollary 1.2 reduces quickly to the case where η = (e¯, · ) for
some nilpotent element e¯ ∈ gk; see [18, 2.5] for more detail. In this special case the
the corollary follows from part (2) of the proof of Corollary 4.1 and the fact that
Lξp(µ) 6= 0 for some ξ ∈ Gk · η; see Lemmas 3.1, 3.2 and Theorem 3.1. We stress that
this argument also relies on the main results of [1, 2]. It would be very interesting to
find a more direct argument.
2. Admissible rings for highest weight modules
2.1. In what follows Z+ denotes the set of all nonnegative integers. Given a com-
mutative Noetherian ring R we denote by dimR the Krull dimension of R. Given a
collection C of regular functions on an algebraic variety X we let V (C) stand for the
set of all common zeros of C in X . If L is a Lie algebra over an integral domain A,
which is free as an A-module, then we write Un(L) for the n-th component of the
canonical filtration of the universal enveloping algebra U(L). By the PBW theorem,
the corresponding graded A-algebra grU(L) is isomorphic to the symmetric algebra
S(L) of the free A-module L. In particular, all modules Un(L)/Un−1(L) ∼= S
n(L) are
free over A.
Denote by O(x) the adjoint orbit (AdG) · x of x ∈ g and put d(x) := 1
2
dimO(x).
We shall often identify g with g∗ via the Killing isomorphism g → g∗ which takes
x ∈ g to the linear function (x, · ) on g, where ( · , · ) is a multiple of the Killing form
of g for which (e, f) = 1.
Fix once and for all a primitive ideal I = AnnU(g) L(µ) such that µ(hα) ∈ Q for all
α ∈ Φ and VA(I) = Oχ. Write Φ
+ = {γ1, . . . , γN}, where N is the number of positive
roots, put Φ− := −Φ+, and let g = n− ⊕ h ⊕ n+ be the corresponding triangular
decomposition of g. Choose a Chevalley basis
B = {eγ | γ ∈ Φ} ∪ {hα | α ∈ Π}
in g and set B± := {eα | α ∈ ±Φ
+}. Given a (unitary) subring A of C we denote by
gA and n
±
A the A-spans of B and B
±, respectively. Denote by U(gA) and U(n
±
A) the
A-lattices in U(g) and U(n±) generated as A-algebras by B and B−, respectively.
We call a subring A admissible if A = S−1Z where S is a finitely generated multi-
plicative subset of Z containing denominators of all µ(hα) with α ∈ Π. Note that A
is a Noetherian principal ideal domain, hence a Dedekind ring. Denote by π(A) the
set of all primes p ∈ Z with pA 6= A. As S is finitely generated, π(A) contains almost
all primes in Z.
The Killing form κ of g is Z-valued on gZ and κ(e, f) ∈ Z \ {0} by the sl2-theory.
We always choose A such that κ(e, f) is invertible in A. This will ensure that the
4
form ( · , · ) is A-valued on gA. We always choose A such that the determinant of the
Gram matrix of ( · , · ) relative to the Chevalley basis B and all bad primes of the root
system Φ are invertible in A.
2.2. Let M(µ) be the Verma module of highest weight µ, and let v˜µ be a highest
weight vector of weight µ in M(µ). Given a subring A of Q we denote by MA(µ)
the A-span of all ea1γ1 · · · e
aN
γN
v˜µ with ai ∈ Z+. These vectors form a free basis of the
A-module MA(µ), so that MA(µ) = U(n
−
A)v0
∼= U(n−A) as A-modules. Because A is
admissible, MA(µ) is a gA-stable A-lattice in M(µ).
Given an h-module V we denote by X(V ) the set of all weights of V relative to
h and write Vν for the weight space of V corresponding to ν ∈ X(V ). If E is an
A-submodule of V , then we set Eν := E ∩ Vν . By the PBW theorem,
MA(µ) =
⊕
ν∈X(M(µ))
MA(µ)ν and S(n
−
A) =
⊕
ν∈X(S(n−))
S(n−A)ν .
All weight components ofMA(µ) and S(n
−
A) are free A-modules of finite rank. Denote
byMmax(µ) the unique maximal submodule ofM(µ), so that L(µ) =M(µ)/Mmax(µ),
and let vµ denote the image of v˜µ under the canonical homomorphism M(µ)։ L(µ).
Put MmaxA (µ) :=M
max(µ) ∩MA(µ) and define
LA(µ) := MA(µ)/M
max
A (µ).
For n ∈ Z+ we define Ln(µ) := Un(g)vµ = Un(n
−)vµ and LA,n(µ) := Un(gA)vµ =
Un(n
−
A)vµ, and set
grL(µ) =
⊕
n≥0 Ln(µ)/Ln−1(µ) and grLA(µ) =
⊕
n≥0 LA,n(µ)/LA,n−1(µ)
(here L−1(µ) = 0 and LA,−1(µ) = 0 by convention). Note that grL(µ) and grLA(µ)
are generated by vµ = gr0 vµ as modules over S(g) = grU(g) and S(gA) = grU(gA),
respectively. We now define
J := AnnS(g) grL(µ) = AnnS(g) vµ and JA := AnnS(gA) grL(µ) = AnnS(gA) vµ.
These are graded ideals of S(g) and S(gA), respectively. We put R := S(g)/J and
RA := S(gA)/JA. It is worth remarking that LQ(µ) and RQ are Q-forms in L(µ) and
R, respectively.
The zero locus of the ideal J in g∗ = SpecmS(g) is called the associated variety
of the g-module L(µ) and denoted by VgL(µ). It follows from a theorem of Gabber
that all irreducible components of the variety VgL(µ) have dimension d(e); see [15]
for more detail. In particular, dim R = d(e).
Suppose now that A is admissible. Since Mmax(µ) is the kernel of the Shapovalov
form of M(µ), it is straightforward to see that MmaxA (µ) is a direct sum of its weight
components MmaxA (µ)ν and each weight component LA(µ)ν = MA(µ)ν/M
max
A (µ)ν of
LA(µ) is finitely generated and torsion free as an A-module. Since A is a principal
ideal domain, it follows that all LA(µ)ν are free A-modules of finite rank; see [4,
Ch. VII, Sect. 4.10].
By construction, RA ∼= grLA(µ) as graded A-modules. An element x ∈ RA is
said to be a torsion element if there is a nonzero a ∈ A such that ax = 0. It is
easy to see that the set RtorA of all torsion elements of RA is an ideal of RA. Since A
is admissible, RA is a finitely generated Z-algebra, hence a commutative Noetherian
ring. Therefore, the ideal RtorA is a finitely generated RA-module. So there exists an
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integer b such that bx = 0 for all x ∈ RtorA . It follows that RA⊗AA[b
−1] is torsion free
over A[b−1]. On the other hand, JA[b−1] = J⊗A A[b
−1] and
RA[b−1] = S(gA[b−1])/JA[b−1] ∼=
(
S(gA)⊗A A[b
−1]
)
/
(
JA ⊗A A[b
−1]
)
∼= RA ⊗A A[b
−1]
by standard properties of localisation; see [4, Ch. II, 2.4]. Thus, the A[b−1]-module
RA[b−1]
∼= grLA[b−1](µ) is torsion free.
From now on we always assume that RA is a torsion free A-module. This assump-
tion is justified by the discussion above.
2.3. Since A is a principal ideal domain and RA ∼= grLA(µ) is torsion free over A,
all graded components RA,n ∼= LA,n(µ)/LA,n−1(µ) of RA are free A-modules of finite
rank. Moreover, rkARA,n = dimCRn = dimC Ln(µ)/Ln−1(µ) for all n. It follows that
RQ
∼= RA ⊗A Q is a Q-form of R. Since R ∼= RQ ⊗Q C as algebras over C, it is
immediate from [10, Corollary 13.7] that dimRQ = dimR = d(e).
According to Noether Normalisation, there exist homogeneous, algebraically inde-
pendent y1, . . . , yd ∈ RQ, where d = d(e), such that R is a finitely generated module
over its graded polynomial subalgebra Q[y1, . . . , yd]; see [10, Theorem 13.3] (the ele-
ments y1, . . . , yd remain algebraically independent in R ∼= RQ ⊗Q C). Let v1, . . . , vD
be a generating set of the Q[y1, . . . , yd]-module RQ and let x1, . . . , xm′ be a generating
set of the A-algebra R. Then
vi · vj =
∑D
k=1 p
k
i,j(y1, . . . , yd)vk (1 ≤ i, j ≤ D)
xi =
∑D
j=1 qi,j(y1, . . . , yd)vj (1 ≤ i ≤ m
′)
for some polynomials pki,j, qi,j ∈ Q[X1, . . . , Xd]. Recall that RA contains a basis of RQ
over Q. The coordinate vectors of the xi’s, yi’s and vi’s relative to this basis and the
coefficients of the polynomials qi,j and p
k
i,j involve only finitely many scalars in Q.
Enlarging our multiplicative set S if need be we may assume that all yi and vi are in
RA and all p
k
i,j and qi,j are in A[X1, . . . , Xd]. Thus, we may assume that
RA = A[y1, . . . , yd]v1 + · · ·+ A[y1, . . . , yd]vD
is a finitely generated module over the polynomial algebra A[y1, . . . , yd].
2.4. We let the Galois group Γ = Gal(C/Q) act on L(µ) by semilinear automorphisms
fixing all elements of theQ-form LQ(µ). Note that Γ acts on U(g) as semilinear algebra
automorphisms fixing all elements of the Q-form U(gQ) of U(g). These two Galois
actions are compatible, that is σ(u.v) = uσ. σ(v) for all u ∈ U(g), v ∈ L(µ) and
σ ∈ Γ. Therefore, Iσ = I for all σ ∈ Γ. Since Γ preserves the canonical filtration of
U(g), each subspace I ∩ Un(g) is Γ-invariant. It follows that the graded ideal
gr I =
⊕
n≥0
(
I ∩ Un(g)
)
/
(
I ∩ Un−1(g)
)
⊂ S(g)
is Γ-stable. As a consequence, for every n ∈ Z+ the Q-subspace S
n(gQ) ∩ gr I is a
Q-form of the graded component grn I ⊂ S
n(g). Since S(g) is Noetherian, the ideal
gr I is generated over S(g) by its Q-subspace gr IQ,n′ :=
(⊕
k≤n′ S
k(gQ)
)
∩ gr I for
some n′ = n′(µ) ∈ Z+. Using standard filtered-graded techniques it is now easy to
derive that I is generated over U(g) by its Q-subspace IQ,n′ := Un′(gQ) ∩ I.
Since I is a two-sided ideal of U(g), all subspaces I ∩ Un(g) and grn I are invariant
under the adjoint action of G on U(g). It follows that the Q-subspaces gr IQ,n′ and
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JQ,n′ are stable under the adjoint action of the Kostant Z-form UZ of U(g). Since
hQ := h ∩ gQ is a split Cartan subalgebra of gQ, the adjoint gQ-modules gr IQ,n′ and
IQ,n′ decompose into a direct sum of absolutely irreducible gQ-modules with integral
dominant highest weights. Consequently, these gQ-modules possess Z-forms invariant
under the adjoint action of UZ; we call them gr IZ,n′ and IZ,n′ .
It is immediate from Weyl’s theorem that the gQ-modules gr IQ,n′ and IQ,n′ are
isomorphic. Let {ψi | i ∈ I} be a homogeneous basis of the free Z-module gr IZ,n′ and
let {ui | i ∈ I} be any basis of the free Z-module IZ,n′. Expressing the ui and ψi via
the PBW bases of U(gQ) and S(gQ) associated with our Chevalley basis B brings up
only finitely many scalars in Q. Thus, no generality will be lost by assuming that all
these scalars are in A. In other words, it can be assumed that all ψi are in S(gA) and
all ui are in U(gA).
2.5. Let K be an algebraically closed field whose characteristic is a good prime for
the root system Φ. Let gK = gZ ⊗Z K and let GK be the simple, simply connected
algebraic K-group with hyperalgebra UK := UZ ⊗Z K. Let N(g) and N(gK) denote
the nilpotent cones of g and gK , respectively. It is well-known that there is a natural
bijection between the G-orbits in N(g) and the GK-orbits in N(gK). More precisely,
combining [22, III, 4.29] with [19, Theorems 2.6 and 2.7] it is not hard to observe
that there are nilpotent elements e1, . . . , et ∈ gZ such that
(i) {e1, . . . , et} is a set of representatives for N(g)/G;
(ii) {e1 ⊗ 1, . . . , et ⊗ 1} is a set of representatives for N(gK)/GK ;
(iii) dimC (AdG)ei = dimK (AdGK)(ei ⊗ 1) for all i ≤ t.
No generality will be lost by assuming that e = ek for some k ≤ t and O(ei) ⊂ O(e)
for all i ≤ k.
For 1 ≤ i ≤ t we set χi := (ei, · ). Since VA(I) is the zero locus of gr I and the ideal
gr I is generated by the set {ψi | i ∈ I}, we have that O(χ) = V (gr I) =
⋂
i∈I V (ψi).
It follows that the ψi vanish on all χj with j ≤ k. Since all ψi are in S(gA), all ej are
in gZ, and the form ( · , · ) is A-valued, we also have that ψi(χj) ∈ A. We now impose
our next assumption on A: all nonzero ψi(χj) are invertible in A.
3. Highest weight modules and non-restricted representations
3.1. In this section we assume that our admissible ring A = S−1Z for the g-module
L(µ) satisfies all the requirements highlighted in (2.1) – (2.5). We fix p ∈ π(A) and
set Lp(µ) := LA(µ)⊗A k where k is the algebraic closure of Fp. Let v¯µ := vµ ⊗ 1, the
image of vµ in Lp(µ). Clearly, Lp(µ) is a module over the Lie algebra gk = gA ⊗A k.
Given x ∈ gA we denote by x¯ the image of x in gk, that is x¯ = x⊗ 1. It is immediate
from our assumptions on A made in (2.1) that gk is a simple Lie algebra with k-basis
B¯ := {e¯γ | γ ∈ Φ} ∪ {h¯α |α ∈ Π}. Since the Lie algebra gk is simple and restricted,
it carries a unique p-mapping x 7→ x[p] which has the property that e¯
[p]
γ = 0 for all
γ ∈ Φ and h¯
[p]
α = h¯α for all α ∈ Π.
The A-valued bilinear form ( · , · ) on gA gives rise to a k-bilinear form on gk which,
for ease of notation, shall be denoted by the same symbol. Our assumptions in (2.1)
ensure that ( · , · ) is nondegenerate on gk. Let Gk denote the simple, simply connected
algebraic k-group with hyperalgebra Uk := UZ ⊗Z k. By construction, gk = Lie(Gk);
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so the group Gk as on gk as Lie algebra automorphisms. It is well-known (and
straightforward to see) that the form ( · , · ) is Gk-invariant. We shall often identify
the Gk modules gk and g
∗
k by using this nondegenerate bilinear form.
Now gk = n
−
k ⊕ hk⊕ n
+
k , where n
±
k := n
±⊗A k and hk := hA⊗A k. Furthermore, v¯µ
is a weight vector for the torus hk of the restricted Lie algebra gk, the subalgebra n
+
k
annihilates v¯µ, and Lp(µ) = U(n
−
k ) · v¯µ. We denote by µ¯ the hk-weight of v¯µ. Since
µ(hα) ∈ A for all α ∈ Π and A⊗A k = Fp, we have that µ¯(h¯α) ∈ Fp for all α ∈ Π.
Let Zp denote the p-centre of the universal enveloping algebra U(gk), the central
subalgebra of U(gk) generated by all x
p−x[p] with x ∈ gk. The PBW theorem implies
that Zp is a polynomial algebra in e¯
p
γ with γ ∈ Φ and h¯
p
α − h¯α with α ∈ Π, and
U(gk) is a free Zp-module of rank p
dim g. Given a linear function ξ on g∗k we denote by
Iξ the two-sided ideal of U(gk) generated by the central elements x
p − x[p] − ξ(x)p1,
where x ∈ gk, and set Uξ(gk) := U(gk)/Iξ. The associative algebra Uξ(gk) is called
the reduced enveloping algebra of gk associated with ξ. The above remark shows that
dimk Uξ(gk) = p
dimg.
Every irreducible gk-module is a module over Uξ(gk) for precisely one ξ = ξV ∈ g
∗
k.
The linear function ξV is called the p-character of V ; see [17] for more detail.
3.2. For every maximal ideal J of Zp there exists a unique linear function η = ηJ on
gk such that J is generated by all x
p− x[p]− η(x)p1 with x ∈ gk, so that J = Zp ∩ Iη.
As the Frobenius map of k is bijective, this allows us to identify SpecmZp with g
∗
k.
We now define Ip(µ) := {z ∈ Zp | z · v¯µ = 0}, an ideal of the p-centre Zp, and denote
by Vp(µ) the zero locus of Ip(µ) in g
∗
k. Our remarks in (3.1) show that e¯
p
γ ∈ Ip(µ) for
all γ ∈ Φ+ and h¯pα − h¯α ∈ Ip(µ) for all α ∈ Π (it is important here that µ¯(h¯α) ∈ Fp
for all α ∈ Π). It follows that
Vp(µ) ⊆ {η ∈ g
∗
k | η(hk) = η(n
+
k ) = 0}.(1)
Since the U(gk)-module Lp(µ) is generated by v¯µ, we have that Ip(µ) = AnnZp Lp(µ).
Given η ∈ g∗k we set L
η
p(µ) := Lp(µ)/Iη ·Lp(µ). By construction, L
η
p(µ) is a gk-module
with p-character η.
Lemma 3.1. If η ∈ Vp(µ), then L
η
p(µ) is a nonzero Uη(gk)-module.
Proof. Suppose Lηp(µ) = 0 for some η ∈ Vp(µ), and set Jη := Zp ∩ Iη. Then Lp(µ) =
Iη · Lp(µ) = Jη · Lp(µ). It follows from our discussion in (3.1) that Lp(µ) is a finitely
generated Zp-module. By a version of Nakayama’s lemma, this implies that there is
z ∈ Jη such that 1 − z ∈ AnnZp Lp(µ); see [10, Corollary 4.7] for example. On the
other hand, AnnZp Lp(µ) = Ip(µ) ⊆
√
Ip(µ) ⊆ Jη because η ∈ Vp(µ). But then both
z and 1− z are in Jη, a contradiction. 
Remark 3.1. It follows from (1) that every linear function ξ ∈ Vp(µ) is nilpotent.
More precisely, ξ = (x, · ) for some x ∈ n+k .
3.3. Set Lp,n(µ) := Un(gk)v¯µ and grLp(µ) :=
⊕
n≥0 Lp,n(µ)/Lp,n−1(µ), where n ∈
Z+. Note that grLp(µ) is a cyclic S(gk)-module generated by v¯µ = gr0 v¯µ. Also,
Lp,n(µ) = Un(gk)v¯µ =
(
Un(gA)vµ
)
⊗A k = LA,n(µ)⊗A k.
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We put Jp := AnnS(gk) grLp(µ) = AnnS(gk) v¯µ and Rp := S(gk)/Jp, and denote by
VgLp(µ) the zero locus of Jp in SpecmS(gk) = g
∗
k. Since v¯µ is a highest weight vector
for hk ⊕ n
+
k , all linear functions from VgLp(µ) vanish on hk ⊕ n
+
k .
By our assumptions in (2.2) and (2.3), all LA,n and all graded components RA,n ∼=
LA,n(µ)/LA,n−1(µ) of RA are free A-modules of finite rank. From this it is immediate
that Rp ∼= RA⊗A k as graded k-algebras. Comparing the Hilbert polynomials of R =
RA⊗AC and Rp we now deduce that dimRp = dimR = d(e); see [10, Corollary 13.7].
As a consequence,
dimk VgLp(µ) = dimRp = d(e).(2)
Recall that RA = A[y1, . . . , yd]v1 + · · · + A[y1, . . . , yd]vD, for some v1, . . . , vD ∈ RA,
where d = d(e) and A[y1, . . . , yd] is a polynomial algebra over A contained in RA; see
our discussion in (2.3). We stress that D = D(µ) depends on µ, but not on p.
Lemma 3.2. For every η ∈ g∗k we have that dimk L
η
p(µ) ≤ Dp
d(e).
Proof. Suppose that yi has degree ai, where 1 ≤ i ≤ d, and vk has degree lk, where
1 ≤ k ≤ D, and let ΦA : S(gA) ։ RA denote the canonical homomorphism. For
1 ≤ i ≤ d (resp. 1 ≤ k ≤ D) choose ui ∈ Uai(gA) (resp. wk ∈ Ulk(gA)) such that
ΦA(grai ui) = yi (resp. ΦA(grlk wk) = vk). Let u¯i (resp. w¯k) denote the image of ui
(resp. wk) in U(gk) = U(gA)⊗A k. For each n ∈ Z+ the set
{wku
i1
1 · · ·u
id
d · vµ | lk +
∑d
j=1 ijaj ≤ n; 1 ≤ k ≤ D}
spans the A-module LA,n(µ). In view of our earlier remarks this implies that the set
{w¯ku¯
i1
1 · · · u¯
id
d · v¯µ | lk +
∑d
j=1 ijaj ≤ n; 1 ≤ k ≤ D}
spans the k-space Lp,n(µ). Since grpai(u¯
p
i ) = (grai u¯i)
p is a p-th power in S(gk), for
every i ≤ d there exists a zi ∈ Zp ∩ Uai(gk) such that u¯
p
i − zi ∈ Upai−1(gk).
We denote by L′p(µ) the Zp-submodule of Lp(µ) generated by all w¯ku¯
i1
1 · · · u¯
id
d · v¯µ
with 0 ≤ ij ≤ p − 1 and 1 ≤ k ≤ D. Using the preceding remarks and induction
on n we now obtain that Lp,n(µ) ⊂ L
′
p(µ) for all n ∈ Z+. But then Lp(µ) = L
′
p(µ),
implying that the image of {w¯ku¯
i1
1 · · · u¯
id
d · v¯µ | 0 ≤ ij ≤ p − 1; 1 ≤ k ≤ D} in
Lηp(µ) = Lp(µ)/Iη · Lp(µ) spans L
η
p(µ) for every η ∈ g
∗
k. Since d = d(e), this yields
dimk L
η
p(µ) ≤ Dp
d(e) completing the proof. 
3.4. From now on we shall always assume that D! is invertible in A. Then p > D
for every p ∈ π(A). We shall identify gk with g
∗
k by using the Gk-equivariant map
x 7→ (x, · ). Under this identification, we have that Vp(µ) ⊆ n
+
k ; see Remark 3.1.
The p-centre Zp(n
−
k ) = Zp ∩ U(n
−
k ) of the enveloping algebra U(n
−
k ) is isomorphic to
the polynomial algebra k[e¯p−γ1 . . . , e¯
p
−γN ], hence can be canonically identified with the
subalgebra S(n−k )
p of all p-th powers in S(n−k ). Thus, we can regard Ip(µ) ∩ Zp(n
−
k )
as an ideal of the graded polynomial algebra S(n−k )
p = k[e¯p−γ1 . . . , e¯
p
−γN ]. It follows
from our discussion in (3.2) and the above identifications that
V (Ip(µ) ∩ Zp(n
−
k )) ∩ n
+
k = Vp(µ).(3)
Let gr
(
Ip(µ) ∩ Zp(n
−
k )
)
be the homogeneous ideal of S(n−k )
p spanned by the highest
components of all elements in Ip(µ) ∩ Zp(n
−
k ). From (3) it follows that the zero
locus of gr
(
Ip(µ) ∩ Zp(n
−
k )
)
in n+k coincides with K(Vp(µ)), the associated cone to
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Vp(µ); see [16, II, 4.2]. Since Ip(µ) ∩ Zp(n
−
k ) is contained in AnnZp v¯µ, all elements of
gr
(
Ip(µ)∩Zp(n
−
k )
)
annihilate gr0 v¯µ ∈ grLp(µ). Then gr
(
Ip(µ)∩Zp(n
−
k )
)
⊂ Jp∩S(n
−
k ),
which yields
VgLp(µ) = V (Jp ∩ S(n
−
k )) ∩ n
+
k ⊆ K(Vp(µ)).(4)
3.5. Given x ∈ gk denote by Ok(x) the adjoint Gk-orbit containing x. For 1 ≤ i ≤ t
set e¯i = ei ⊗ 1. By our conventions in (2.5) we have that e¯ = e¯k and dimkOk(e¯) =
2d(e). By well-known results of Spaltenstein and Steinberg, all irreducible components
of the quasiaffine variety Ok(e¯i)∩n
+
k have dimension equal to (dimOk(e¯i))/2; see [14,
10.6] for example.
Theorem 3.1. Under the above assumptions on A the variety Vp(µ) contains an
irreducible component of maximal dimension which coincides with the Zariski closure
of an irreducible component of Ok(e¯) ∩ n
+
k .
Proof. Given a nonempty locally closed subset Z of the affine space gk we denote by
dimk Z the maximal dimension of the irreducible components of Z. It is well-known
that dimk Vp(µ) = dimk K(Vp(µ)); see [16, II, 4.2]. In conjunction with (4) and (2)
this gives dimk Vp(µ) ≥ d(e).
(a) Let X be an arbitrary component of maximal dimension of Vp(µ). Since n
+
k =⋃
1≤i≤tOk(e¯i) ∩ n
+
k , there exist j ∈ {1, . . . , t} and an irreducible component C of
Ok(e¯j) ∩ n
+
k such that C ∩X is Zariski dense in X . Then X ⊆ C, implying
dimk Ok(e¯j) = 2 dimk C ≥ 2 dimkX = 2dimk Vp(µ) ≥ 2d(e) = dimk Ok(e¯).(5)
Choose x ∈ X ∩Ok(e¯j) and set ξ := (x, · ). Since x ∈ Vp(µ), the Uξ(gk)-module L
ξ
p(µ)
is nonzero; see Lemma 3.1. By the Kac–Weisfeiler conjecture proved in [17], we have
p(dimk Ok(e¯j))/2 | dimk L
ξ
p(µ),
whilst Lemma 3.2 says that dimk L
ξ
p(µ) ≤ Dp
d(e) for some D < p. This enables us to
deduce that dimk Ok(e¯j) ≤ 2d(e). In conjunction with (5) this implies that C = X
and dimkX = dimk Vp(µ) = d(e) (one should keep in mind that C is irreducible).
If y ∈ Ok(e¯j) and λ ∈ k
×, then λy ∈ Ok(e¯j). From this it follows that the Zariski
closure of Ok(e¯j)∩n
+
k is a conical variety. But then so is C, forcing K(X) = X . Thus,
all irreducible components of maximal dimension of Vp(µ) are conical.
(b) Let X1, . . . , Xc be the d(e)-dimensional irreducible components of Vp(µ). Then
Vp(µ) = X1 ∪ . . . ∪Xc ∪ Y , where Y is a closed subset of Vp(µ) with dimk Y < d(e).
It follows from [16, II, 4.2] and part (a) of this proof that
K(Vp(µ)) = X1 ∪ . . . ∪Xc ∪K(Y ), dimkK(Y ) < d(e).
In view of (2) and (4) this shows that every irreducible component of maximal di-
mension of VgLp(µ) is of the form Xi for some i ≤ c.
(c) Now suppose that the component X = C from part (a) of this proof is also an
irreducible component of VgLp(µ). Such a component exists by our discussion in
part (b). Recall from (2.4) the set {ψi | i ∈ I} ⊂ gr I ∩ S(gA) and put ψ¯i := ψi ⊗ 1 ∈
S(gk). Since ψi ∈ AnnS(gA) grLA(µ), we have ψ¯i ∈ AnnS(gk) (LA ⊗A k) = Jp. Hence
VgLp(µ) ⊆
⋂
i∈I V (ψ¯i).(6)
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Let ΨA denote the A-span of the ψi’s in S(gA), and Ψk the k-span of the ψ¯i’s in
S(gk). By our choices in (2.4), the A-module ΨA is stable under the adjoint action of
the hyperalgebra UZ. From this it follows that the subspace Ψk ⊂ S(gk) is invariant
under the adjoint action of the algebraic group Gk.
Recall that C is a component of Ok(e¯j)∩n
+
k and dimk Ok(e¯j) = 2d(e) = 2d(ek). By
our assumptions in (2.5), dimC O(ej) = 2d(e), whilst (6) shows that the ψ¯i’s vanish on
C. Since Ψk = span{ψ¯i | i ∈ I} is Gk-stable, all ψ¯i vanish on (AdGk) · C. Therefore,
ψ¯i(e¯j) = 0 for all i ∈ I. But then ψi(ej) = 0 for all i ∈ I forcing O(ej) ⊆ O(ek);
see (2.5). Comparing dimensions now yields O(ej) = O(ek), hence Ok(e¯j) = Ok(e¯k).
Thus, X contains a component of Ok(e¯k) ∩ n
+
k , completing the proof. 
3.6. Recall that the group Gk acts on U(gk) as algebra automorphisms (this action
extends the adjoint action of Gk on gk). It is well-known (and easily seen) that for
every η ∈ g∗k and g ∈ Gk we have g(Iη) = Ig·η, where g · η = (Ad
∗g)η. Thus, g induces
an algebra isomorphism Uη(gk)
∼
−→ Ug·η(gk). We set χ¯ = (e¯, · ).
Corollary 3.1. Under the above assumptions on A, there exists a positive integer
D = D(µ) such that:
(i) D < p for all p ∈ π(A);
(ii) for every p ∈ π(A) the reduced enveloping algebra Uχ¯(gk) has a simple module
of dimension kpd(e), where k ≤ D.
Proof. It follows from Theorem 3.1 that g · χ¯ ∈ Vp(µ) for some g ∈ Gk. Combining our
earlier remark with Lemmas 3.1 and 3.2 we see that Uχ¯(gk) has a nonzero module of
dimension ≤ Dpd(e), call it E. Since D < p, the Kac–Weisfeiler conjecture (confirmed
in [17]) shows that each composition factor L of the gk-module E has dimension kp
d(e)
for some k = k(L) ≤ D. 
4. Non-restricted representations and finite W -algebras
4.1. Let e ∈ gZ be as before, and choose f, h ∈ gQ such that (e, h, f) is an sl2-triple
in gQ. Let g(i) = {x ∈ g | [h, x] = ix}, a subspace of g defined over Q. Note that
e ∈ g(2), f ∈ g(−2), and g =
⊕
i∈Z g(i). We define a skew-symmetric bilinear form
〈 · , · 〉 on g(−1) by setting 〈x, y〉 := (e, [x, y]) for all x, y ∈ g(−2). By the sl2-theory,
this skew-symmetric form is nondegenerate; hence dim g(−1) = 2s for some s ∈ Z+.
There is a basis B = {z′1, . . . , z
′
s, z1, . . . , zs} of g(−1) contained in gQ and such that
〈z′i, zj〉 = δij , 〈zi, zj〉 = 〈z
′
i, z
′
j〉 = 0 (1 ≤ i, j ≤ s).
Given an admissible subring A of Q we set gA(i) := gA ∩ g(i), a finitely generated,
torsion-free A-module. We shall assume, in addition, that gA =
⊕
i∈Z gA(i), that
each gA(i) is a freely generated over A by a basis of the vector space g(i), and that B
is a free basis of the A-module gA(−1). It is straightforward to see that admissible
subalgebras A satisfying these conditions exist.
Let g(−1)0 denote the C-span of z′1, . . . , z
′
s and put m := g(−1)
0⊕
∑
i≤−2 g(i). Note
that m is a nilpotent Lie subalgebra of dimension d(e) in g and χ vanishes on the
derived subalgebra of m; see [18] for more detail. Put mA := gA ∩m. It follows from
the above assumptions that mA is a free A-module and a direct summand of gA. More
precisely, mA = gA(−1)
0⊕
∑
i≤−2 gA(i) where gA(−1)
0 = gA∩g(−1) = Az
′
1⊕· · ·⊕Az
′
s.
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Let ge denote the centralizer of e in g. Clearly, ge coincides with the stabiliser
zχ = {x ∈ g | χ([x, g]) = 0}. By the sl2-theory, the map ad e : gQ(i) → gQ(i + 2) is
surjective for all i ≥ 0 and ge =
⊕
i≥0 zχ(i) where zχ(i) = zχ ∩ g(i). Enlarging A
if need be we shall assume that gA(i + 2) = [e, gA(i)] for all i ≥ 0. Then there is a
basis x1, . . . , xr, xr+1, . . . , xm of the free A-module
⊕
i≥0 gA(i) such that xi ∈ gA(ni)
for some ni ∈ Z+, where 1 ≤ i ≤ m, and x1, . . . , xr is a free basis of the A-module
gA ∩ zχ; see [18, 4.2 & 4.3] for more detail.
4.2. Let Cχ = C1χ be a 1-dimensional m-module such that x · 1χ = χ(x)1χ form all
x ∈ m, and Aχ = A1χ. Given (a,b) ∈ Z
m
+ × Z
s
+ we denote by x
azb the monomial
xa11 · · ·x
am
m z
b1
1 · · · z
bs
s in U(g). Set Qχ := U(g)⊗U(m)Cχ and Qχ,A := U(gA)⊗U(mA)Aχ.
From our discussion in (4.1) it follows that Qχ,A is an A-lattice in Qχ with free basis
consisting of all xizj ⊗ 1χ with (i, j) ∈ Z
m
+ × Z
s
+. Moreover, Qχ,A is invariant under
the action of gA. Given (a,b) ∈ Z
m
+ × Z
s
+ we set
|(a,b)|e :=
m∑
i=1
ai(ni + 2) +
s∑
i=1
bi.
According to [18, Theorem 4.6], the algebra Hχ := (Endg Qχ)
op is generated over C
by endomorphisms Θ1, . . . ,Θr such that
Θk(1χ) =
(
xk +
∑
0<|(i,j)|e≤nk+2
λki, j x
izj
)
⊗ 1χ, 1 ≤ k ≤ r,(7)
where λki, j ∈ Q and λ
k
i, j = 0 if either |(i, j)|e = nk + 2 and |i|+ |j| = 1 or i 6= 0, j = 0,
and il = 0 for l > r.
The monomials Θi11 · · ·Θ
ir
r with (i1, . . . , ir) ∈ Z
r
+ form a PBW basis of the vector
space Hχ. The monomial Θ
i1
1 · · ·Θ
ir
r is said to have Kazhdan degree
∑r
i=1 ai(ni + 2).
For k ∈ Z+ we let H
k
χ denote the C-span of all monomials Θ
i1
1 · · ·Θ
ir
r of Kazhdan
degree ≤ k. Then (Hkχ)k≥0 is an increasing filtration of the algebra Hχ, called the
Kazhdan filtration of Hχ. The corresponding graded algebra grHχ is a polynomial
algebra in grΘ1, . . . , grΘr. It is immediate from [18, 4.5] that there exist polynomials
Fij ∈ Q[X1, . . . , Xr], where 1 ≤ i < j ≤ r, such that
[Θi,Θj] = Fij(Θ1, . . . ,Θr) (1 ≤ i < j ≤ r).(8)
Moreover, if [xi, xj ] =
∑r
k=1 α
k
ij xk in zχ, then
Fij(Θ1, . . . ,Θr) ≡
r∑
k=1
αkijΘk + qij(Θ1, . . . ,Θr)
(
modHni+njχ
)
where the initial form of qij ∈ Q[X1, . . . , Xr] has total degree ≥ 2 whenever qij 6= 0.
Lemma 4.1. The algebra Hχ is generated by Θ1, . . . ,Θr subject to the relations (8).
Proof. Let I be the two-sided ideal of the free associative algebra C〈X1, . . . , Xr〉 gener-
ated by all [Xi, Xj ]−Fij(X1, . . . , Xr) with 1 ≤ i < j ≤ r. Let Hˆχ := C〈X1, . . . , Xr〉/I,
and let Θˆi be the image ofXi in Hˆχ. There is a natural algebra epimorphism Hˆχ ։ Hχ
sending Θˆi to Θi for all i; we call it ψ. For k ∈ Z+ let Hˆ
k
χ denote the C-span of all
products Θˆj1 · · · Θˆjl with (nj1 + 2) + · · ·+ (njl + 2) ≤ k. Let Hˆ
′
χ denote the C-span
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of all monomials Θˆi11 · · · Θˆ
ir
r with (i1, . . . , ir) ∈ Z
r
+. Taking into account the relations
(8) and arguing by upward induction on k and downward induction on l, the number
of factors in Θˆj1 · · · Θˆjl ∈ Hˆ
k
χ, one observes that Hˆχ = Hˆ
′
χ. Since the monomials
Θi11 · · ·Θ
ir
r with (i1, . . . , ir) ∈ Z
r
+ are linearly independent in Hχ, this implies that ψ
is injective. But then Hˆχ ∼= Hχ, and our proof is complete. 
Enlarging A if necessary we shall assume that all λki,j in (7) and all coefficients of
the polynomials Fij in (8) are in A.
4.3. Let Hχ,A denote the A-span of all monomials Θ
i1
1 · · ·Θ
ir
r with (i1, . . . , ir) ∈ Z
r
+.
Our assumptions on A in (4.2) show that Hχ,A is an A-subalgebra of Hχ contained
in (EndgA Qχ,A)
op. We set mk := mA ⊗A k and Qχ, k := U(gk) ⊗U(mk) kχ¯ where
kχ¯ = Aχ ⊗A k = k1χ¯. It follows from our assumptions in (4.1) that x¯1, . . . , x¯r
form a basis of the stabiliser zχ¯ of χ¯ in gk and that mk is a nilpotent subalgebra of
dimension d(e) in gk. Also, k1χ¯ is a 1-dimensional mk-module with the property that
x(1χ¯) = χ¯(x)1χ¯ for all x ∈ mk. Let Iχ¯ be the two-sided ideal of U(gk) generated by
all xp − x[p] − χ¯(x)p1 with x ∈ gk, and set Q
[p]
χ¯ := Qχ, k/Iχ¯Qχ, k, a gk-module with
p-character χ¯. Each gk-endomorphism Θi ⊗ 1 of Qχ, k = Qχ,A ⊗A k preserves the
submodule Iχ¯Qχ, k, hence induces a gk-endomorphism of Q
[p]
χ¯ ; call it θi. We denote by
H
[p]
χ¯ the associative k-algebra
(
Endgk Q
[p]
χ¯
)op
.
Note that the gA-module Qχ,A is isomorphic to U(gA)/U(gA)nχ,A, where nχ,A is
the A-span in U(gA) of all x − χ(x) with x ∈ mA. It follows that Hχ,A identifies
with an A-subalgebra of
(
U(gA)/U(gA)nχ,A
)admA. According to [18, 2.3] we have
that H
[p]
χ¯
∼=
(
Uχ¯(gk)/Uχ¯(gk)nχ, k
)admk where nχ, k = nχ,A ⊗A k.
Proposition 4.1. The following are true:
(i) Q
[p]
χ¯
∼= Uχ¯(gk)⊗Uχ¯(mk) kχ¯ as gk-modules;
(ii) Q
[p]
χ¯ is a projective generator for Uχ¯(gk) and Uχ¯(gk) ∼= Matpd(e)
(
H
[p]
χ¯
)
;
(iii) the monomials θi11 · · · θ
ir
r with 0 ≤ ik ≤ p− 1 form a k-basis of H
[p]
χ¯ .
Proof. Let 1¯χ¯ denote the image of 1χ¯ in Q
[p]
χ¯ . By the universality property of in-
duced modules, there is a surjective homomorphism α˜ : Qχ, k = U(gk) ⊗U(mk) kχ¯ ։
Uχ¯(gk) ⊗Uχ¯(mk) kχ¯. Since Iχ¯Qχ, k ⊆ ker α˜, it gives rise to an epimorphism α : Q
[p]
χ¯ ։
Uχ¯(gk) ⊗Uχ¯(mk) kχ¯. On the other hand, the Uχ¯(gk)-module Q
[p]
χ¯ is generated by its
1-dimensional Uχ¯(mk)-submodule k1¯χ¯ ∼= kχ¯. The universality property of induced
Uχ¯(gk)-modules now yields that there is a surjection β : Uχ¯(gk) ⊗Uχ¯(mk) kχ¯ ։ Q
[p]
χ¯ .
Comparing dimensions shows that α is an isomorphism, proving (i). As mk ∩ zχ¯ = 0
by our assumptions in (4.1), mk is a χ¯-admissible subalgebra of dimension d(e) in gk;
see [18, 2.3 & 2.6]. Now (ii) and (iii) follow from [18, Theorems 2.3 & 3.4]. 
4.4. As dim g(i) = dim g(−i) for all i and r = dim g(0) + 2s by the sl2-theory, we
have that dim
⊕
i≤−2 g(i) = m− r and d(e) = m− r + s. Set
Xi =
{
zi if 1 ≤ i ≤ s,
xr−s+i if s+ 1 ≤ i ≤ m− r + s,
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and let X¯i denote the image of Xi in gk = gA ⊗A k. Since Hχ,A ⊆ (EndgA Qχ,A)
op,
we can regard Qχ,A as a right Hχ,A-module, whilst from the definition of H
[p]
χ¯ it is
clear that Q
[p]
χ¯ is a right H
[p]
χ¯ -module. Proposition 4.1 shows that these two module
structures are compatible, that is the latter can be obtained obtained from the former
by reducing Qχ,A modulo p and then by passing from Qχ, k to its quotient Q
[p]
χ¯ .
Given k ≥ 0 we let Qkχ,A denote the A-submodule of Qχ,A spanned by all x
izj⊗ 1χ
with |(i, j)|e ≤ k. For a ∈ Z
d(e)
+ we define X
a := Xa11 · · ·X
ad(e)
d(e) ⊗ 1χ and X¯
a :=
X¯a11 · · · X¯
ad(e)
d(e) ⊗ 1¯χ¯, elements of Qχ,A and Q
[p]
χ¯ , respectively.
Lemma 4.2. The right modules Qχ,A and Q
[p]
χ¯ are free over Hχ,A and H
[p]
χ¯ , respec-
tively. More precisely,
(i) the set
{
Xa ⊗ 1χ | a ∈ Z
d(e)
+
}
is a free basis of the Hχ,A-module Qχ,A;
(ii) the set
{
X¯a ⊗ 1¯χ¯ | 0 ≤ ai ≤ p− 1
}
is a free basis of the H
[p]
χ¯ -module Q
[p]
χ¯ .
Proof. For a ∈ Zr+ set Θ
a := Θa11 · · ·Θ
ar
r . Using (7) and induction on the Kazhdan
degree k =
∑r
i=1 ai(ni + 2) of Θ
a it is easy to observe that
Θa(1χ) ≡ x
a1
1 · · ·x
ar
r ⊗ 1χ +
∑
|(i,j)|e=k, |i|+|j|>|a|
γi,j x
izj ⊗ 1χ (mod Q
k−1
χ )
for some γi,j ∈ A; cf. [18. p. 27]. Using this relation and arguing by double induction
on |(i, j)|e and |i|+ |j| (upward on |(i, j)|e and downward on |i|+ |j|) one observes that
every xizj⊗1χ belongs to the A-submodule of Qχ,A spanned by the vectors X
aΘb(1χ)
with a ∈ Z
d(e)
+ and b ∈ Z
r
+. Since the latter vectors are linearly independent in Hχ in
view of [21, pp. 52, 53], statement (i) follows. Statement (ii) is proved similarly; see
[18, 3.4] for more detail. 
4.5. Let {ui | i ∈ I} be the finite generating set of the primitive ideal I discussed in
(2.4). Recall that ui ∈ U(gA) for all i ∈ I and the A-span of the ui’s is invariant
under the adjoint action of gA on U(gA). For i ∈ I we denote by u¯i the image of ui
in U(gk) = U(gA)⊗A k. By construction, the k-span of the u¯i’s is invariant under the
adjoint action of gk on U(gk). Let ϕχ : U(gA) ։ Qχ,A = U(gA)/U(gA)nχ,A denote
the canonical homomorphism, and ϕ¯χ the induced epimorphism from Uχ¯(gk) onto
Q
[p]
χ¯ ; see (4.3) for more detail. It follows from Lemma 4.2(i) that there exists a finite
subset C of Z
d(e)
+ such that
ϕχ(ui) =
∑
c∈C
Xchi, c(1χ) (hi, c ∈ Hχ,A, i ∈ I).(9)
It follows from Proposition 4.1(iii) that the k-algebra H
[p]
χ¯ is a homomorphic image of
the k-algebra Hχ, k := Hχ,A⊗A k. Let h¯i, c denote the image of hi, c⊗ 1 in H
[p]
χ¯ . Then
it follows from (9) that
ϕ¯χ(u¯i) =
∑
c∈C
X¯ch¯i, c(1¯χ¯) (∀ i ∈ I).(10)
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Let c := maxc∈C |c|. We now impose our final assumption on A: we assume that c!
is invertible in A. This assumption ensures that the components of all tuples in C
are smaller that any prime in π(A).
Proposition 4.2. Under the above assumption on A, for every p ∈ π(A) there exists
a positive integer k = k(p) ≤ D = D(µ) such that the associative algebra H
[p]
χ¯ has an
irreducible k-dimensional representation ρ with the property that ρ(h¯i, c) = 0 for all
c ∈ C and all i ∈ I.
Proof. Let p ∈ π(A) and k = Fp. By Lemma 3.2, Theorem 3.1 and Corollary 3.1,
there exists g ∈ Gk such that any composition factor V of the gk-module L
g·χ¯
p (µ)
has dimension kpd(e) for some k = k(V ) ≤ D. Since ui ∈ AnnU(gA) LA(µ) for all
i ∈ I, the elements u¯i ∈ U(gk) annihilate Lp(µ) = LA(µ) ⊗A k. Consequently,
all u¯i annihilate L
g·χ¯
p (µ) = Lp(µ)/Ig·χ¯Lp(µ), and hence V . Let V
′ = {v′ | v ∈ V }
be another copy of the vector space V . We give V ′ a gk-module structure by set-
ting x.v′ := ((Ad g)−1x.v)′ for all x ∈ gk and all v
′ ∈ V ′. Since all elements
((Ad g)x)p − ((Ad g)x)[p] − χ(x)p1 annihilate V , the gk-module V
′ has p-character
χ¯. By construction, all elements (Ad g)u¯i annihilate V
′.
Recall that the Z-span of {ui | i ∈ I} is invariant under the adjoint action of the
hyperalgebra UZ on U(gZ); see (2.4). This implies that the k-span of the u¯i’s is
invariant under the adjoint action of Gk on U(gk). In conjunction with our preceding
remark this implies that u¯i ∈ AnnU(gk) V
′ for all i ∈ I. Let
V ′0 = {v
′ ∈ V ′ | x.v′ = χ¯(x)v′ for all x ∈ mk},
the subspace of mk-Whittaker vectors in V
′. Since H
[p]
χ¯
∼=
(
Uχ¯(gk)/Uχ¯(gk)nχ, k
)admk ,
the algebra H
[p]
χ¯ acts on V
′
0 . Since mk is a χ¯-admissible subalgebra of dimension
d(e) in gk, it follows from [18, Theorem 2.4] that V
′
0 is an irreducible k-dimensional
H
[p]
χ¯ -module. We denote by ρ the corresponding representation of H
[p]
χ¯ .
Let v′1, . . . , v
′
k be a basis of V
′
0 and V
′′ := Q
[p]
χ¯ ⊗H[p]χ¯
V ′0 , a gk-module with p-character
χ¯. It follows from Lemma 4.2(ii) that the vectors X¯a ⊗ v′j with 0 ≤ ai ≤ p − 1 and
1 ≤ j ≤ k form a basis of V ′′ over k. Since V ′ is irreducible, there is a gk-module
epimorphism τ : V ′′ ։ V ′ sending v′ ⊗ 1 to v′ for all v′ ∈ V ′0 . Since dimk V
′ =
kpd(e), comparing dimensions yields that τ is an isomorphism. Let ρ˜ denote the
representation of Uχ¯(gk) in Endk V
′′. As the left ideal Uχ¯(gk)nχ, k of Uχ¯(gk) annihilates
the subspace V ′0 ⊗ 1 of V
′′, it follows from (10) that
0 = ρ˜(u¯i)(v
′ ⊗ 1) = ρ˜(ϕ¯χ(u¯i))(v
′ ⊗ 1) =
∑
c∈C
X¯c ⊗ ρ(h¯i, c)(v
′)
for all v′ ∈ V ′0 . As the nonzero vectors of the form X¯
c ⊗ ρ(h¯i, c)(v
′) with v′ fixed
are linearly independent in V ′′ by our final assumption on A, we now derive that
ρ(h¯i, c) = 0 for all c ∈ C and all i ∈ I. This completes the proof. 
4.6. Since Hχ,A is a free A-module with basis {Θ
i | i ∈ Zr+} there exist polynomials
Hi, c ∈ A[X1, . . . , Xr] such that hi, c = Hi, c(Θ1, . . . ,Θr) for all c ∈ C and all i ∈
I. Let IH denote the two-sided ideal of Hχ generated by the hi, c’s. In view of
(8) and Lemma 4.1, the algebra Hχ/IH is isomorphic to the quotient of the free
associative algebra C〈X1, . . . , Xr〉 by its two-sided ideal generated by all elements
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[Xi, Xj]−Fij(X1, . . . , Xr) with 1 ≤ i < j ≤ r and all elements Hc, l(X1, . . . , Xr) with
c ∈ C and l ∈ I. Given a natural number k we let Yk denote the set of all r-tuples
(M1, . . . ,Mr) ∈ Matk(C)
r satisfying the relations
[Mi,Mj]− Fij(M1, . . . ,Mr) = 0 (1 ≤ i < j ≤ r)
Hc, l(M1, . . . ,Mr) = 0 (c ∈ C, l ∈ I)
(for F ∈ C[X1, . . . , Xr], all monomials of F (M1, . . . ,Mr) are understood to be taken
with respect to the matrix product in Matk(C)). The above discussion shows that Yk
is the variety of all matrix representations of degree k of the algebra Hχ/IH .
We regard Yk as a Zariski closed subset of A
rk2(C). More precisely, denote by Jk
the ideal of the polynomial algebra P := C [x
(c)
ab | 1 ≤ a, b ≤ k, 1 ≤ c ≤ r] generated
by the matrix coefficients of all [Mi,Mj ] − Fij(M1, . . . ,Mr) and Hc, l(M1, . . . ,Mr),
where Mc is the generic matrix
(
x
(c)
ab
)
1≤a,b≤k
∈ Matk(P ) and 1 ≤ c ≤ r. Then Yk is
nothing but the zero locus of Jk in SpecmP = A
rk2(C).
Set PZ := Z [x
(c)
ab | 1 ≤ a, b ≤ k, 1 ≤ c ≤ r]. As all Fij andHc, l are inA[X1, . . . , Xr],
the ideal Jk is generated by a finite set of polynomials in PA := PZ⊗ZA, say f1, . . . , fR.
Given p ∈ π(A) and g ∈ PA we write
pg for the image of g ∈ PA in PA ⊗A Fp, and we
denote by Yk(Fp) the zero locus of
pf1, . . . ,
pfR in A
rk2(Fp).
Proposition 4.3. The algebra Hχ/IH has an irreducible representation of dimension
at most D = D(µ).
Proof. In view of the above discussion it suffices to show that for some k ≤ D the
variety Yk has a point with coefficients in Q, the algebraic closure of Q in C. Suppose
this is not the case. Then g′1f1 + · · ·+ g
′
RfR = 1 for some g
′
1, . . . , g
′
R ∈ PA ⊗A Q. Let
K ⊂ C be a finite Galois extension of Q containing all coefficients of g′1, . . . , g
′
R, and
let Λ be the ring of algebraic integers of K. Rescaling g′1, . . . , g
′
R we find g1, . . . , gR ∈
PΛ := PZ ⊗Z Λ and a nonzero n˜ ∈ Z such that g1f1 + · · ·+ gRfR = n˜.
It is well-known that Λ is a Dedekind ring and the map SpecΛ→ SpecZ induced
by inclusion Z →֒ Λ is surjective. For each p ∈ π(A) we choose P ∈ SpecΛ such that
P ∩ Z = pZ and denote by φ the composite
PΛ ։ PΛ/PPΛ →֒ Fp [x
(c)
ab | 1 ≤ a, b ≤ k, 1 ≤ c ≤ r] = PA ⊗A Fp.
Since φ(fi) =
pfi for all i by our choice of P, we have that
φ(g1) ·
pf1 + · · ·+ φ(gR) ·
pfR = φ(n˜).
Since φ(n˜) is nothing but the image of n˜ in Fp, this implies that Yk(Fp) = ∅ for all
k ≤ D and almost all p ∈ π(A). On the other hand, it follows from Proposition 4.2
and the preceding discussion in (4.5) that that there is a positive integer l ≤ D such
that Yl(Fp) 6= ∅ for infinitely many p ∈ π(A). Since n˜ has only finitely many prime
divisors, we reach a contradiction thereby completing the proof. 
4.7. We are now ready to prove the main results of this note.
Theorem 4.1. Let I be a primitive ideal of U(g) with rational infinitesimal character
and with VA(I) = Oχ. Then I = AnnU(g)(Qχ ⊗Hχ V ) for some finite dimensional
irreducible Hχ-module V .
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Proof. By Proposition 4.3, the algebra Hχ/IH has a finite- dimensional irreducible
module, say V . We write ρ for the corresponding representation of Hχ in EndV
and set V˜ := Qχ ⊗Hχ V . Denote by ρ˜ the representation of U(g) in End V˜ and set
I˜ := AnnU(g)
(
Qχ ⊗Hχ V
)
. Skryabin’s theorem [21] implies that V˜ is an irreducible
g-module, whilst [20, Theorem 3.1(ii)] says that VA(I˜) = Oχ. In view of (9),
ρ˜(ui)(1⊗ v) = ρ˜(ϕχ(ui))(1⊗ v) =
∑
c∈C
Xc ⊗ ρ(hi, c)(v)
for all i ∈ I and all v ∈ V . Since IH ⊆ ker ρ, all operators ρ˜(ui) annihilate the
subspace 1⊗V of V˜ . Since V˜ is generated by 1⊗V as a g-module and the C-span of
the ui’s is invariant under the adjoint action of g on U(g), it must be that ui ∈ ker ρ˜
for all i ∈ I. Since the ui’s generate the ideal I, we obtain I ⊆ I˜. Since the primitive
ideals I and I˜ share the same associated variety, [3, Corollar 3.6] implies that I˜ = I,
finishing the proof. 
By the main result of [7] the algebra Hχ is isomorphic to the finite W -algebra
W fin(g, e). Recall thatW fin(g, e) is a BRST quantisation of the Poisson algebra grHχ,
and it is also isomorphic to the Zhu algebra of the vertex (affine)W -algebra associated
with g and e; see [8, 7, 11, 18] for more detail. Vertex W -algebras and their Zhu
algebras arise in quantum field theory and are studied extensively in mathematical
physics.
Corollary 4.1. All finite W -algebras W fin(g, e) possess finite dimensional represen-
tations.
Proof. (1) Let Xλ denote the set of all primitive ideals of U(g) with infinitesimal
character λ ∈ h∗. In order to prove the corollary we need to find a rational infini-
tesimal character µ ∈ h∗ and a primitive ideal I ∈ Xµ such that VA(I) = Oχ. Since
W fin(g, e) ∼= Hχ as algebras, our statement then will follow from Theorem 4.1. Let
W = 〈sα | α ∈ Φ
+〉 be the Weyl group of g. Given λ ∈ h∗ we set Φ+λ := {α ∈
Φ+ | λ(hα) ∈ Z} and denote by Wλ the subgroup of W consisting of all w ∈ W such
that wλ− λ is a sum of roots. The subgroup Wλ is often referred to as the integral
Weyl group of λ; it is generated by all reflections sα with α ∈ Φ
+
λ ; see [13, 2.5] for
example. Recall that λ ∈ h∗ is called regular if λ(hα) 6= 0 for all α ∈ Φ.
We shall rely on well-known results of Barbasch–Vogan [1, 2]. It follows from
[2, Thm 4.5 and Cor. 4.4] that there exists µ′ ∈ h∗ such that µ′ + ρ regular and
VA
(
AnnU(g) L(µ
′)
)
= Oχ; see loc. cit. and [14, 9.12]. In order to finish the proof we
need to find a rational µ′′ ∈ h∗ such that µ′′ + ρ is regular and Wµ′′ = Wµ′ . Then
VA
(
AnnU(g) L(w(µ
′′ + ρ) − ρ)
)
= Oχ for some w ∈ W , because the collections of
associated varieties attached to Xµ′ and Xµ′′ coincide setwise; see [BV2, Thm 1.1]. It
is probably known that such a µ′′ exists, but we could not find a reference and shall
include a brief proof for completeness:
(2) Let h∗Q be the Q-span of Π in h
∗. This is a vector space over Q with basis
̟1, . . . , ̟ℓ, where ̟i(hαj ) = δij for 1 ≤ i, j ≤ ℓ. Since there exist µ ∈ h
∗
Q such that
µ(hα) 6∈ Z for all α ∈ Φ
+, we may assume that Wµ′ 6= {1}. Then Φ
+
µ′ = {β1, . . . , βM}
is a nonempty set. For 1 ≤ i ≤ M set ri := µ
′(hβi). All ri’s are integers and the
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non-homogeneous system of linear equations
x1̟1(hβ1) + · · ·+ xℓ̟ℓ(hβ1) = r1
...
...
...(11)
x1̟1(hβM ) + · · ·+ xℓ̟ℓ(hβM ) = rM
is consistent. Since all coefficients of the system are rationals, h∗Q contains a basis
of the solution space to the corresponding homogeneous system, say µ1, . . . , µq. As
ri ∈ Z for all i, we can also find µ0 ∈ h
∗
Q such that any solution to (11) has the form
µ0 + y1µ1 + · · ·+ yqµq for some y1, . . . , yq ∈ C.
Let EQ and ER denote the spans of µ1, . . . , µq over Q and R, respectively. If
EQ = 0, then µ
′ = µ0 ∈ h
∗
Q and we are done. So assume EQ 6= 0. Write Φ
+ \ Φ+µ′ =
{βN−M+1, . . . , βN}. For N −M < i ≤ N define vi ∈ (ER)
∗ by setting vi(ν) = ν(hβi)
for all ν ∈ ER. For N −M < i ≤ N and a ∈ Q set Hi(a) := {ν ∈ ER | vi(ν) = a},
and define
Ω :=
⋃N
i=N−M+1
⋃
n∈Z Hi(−µ0(hβi) + n).
If vi = 0 for some i > N−M , then (µ0+ν)(hβi) = µ
′(hβi) 6∈ Z for all ν ∈ ER, implying
that Hi(−µ0(hβi)+n) = ∅ for all n ∈ Z. Hence each nonempty Hi(−µ0(hβi)+n) is an
affine hyperplane in the Euclidean space ER. From this it follows that the set ER\Ω is
nonempty and open in the Euclidean topology of ER. As the subset EQ of ER is dense
in the Euclidean topology of ER, there exists ν0 ∈ EQ such that vi(ν0) 6∈ −µ0(hβi)+Z
for N −M < i ≤ N .
Now put µ′′ := µ0 + ν0. Then µ
′′ ∈ h∗Q, by our earlier remarks in the proof, and
µ′′(hβi) 6∈ Z for all i > N −M . Because µ
′′ is a solution to (11), we also have that
µ′′(hβi) = µ
′(hβi) for 1 ≤ i ≤ N −M . This yields Φ
+
µ′ = Φ
+
µ′′ forcing Wµ′ = Wµ′′ .
Since µ′ + ρ is regular, so is µ′′ + ρ. This completes the proof. 
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